Recent technological developments have led to improvements in the strengths of materials, such as the steel and wire ropes used in the construction of cable supported bridges. This, combined with technological advancements in construction, has encouraged the design of structures with increasing spans, leaving the question of material and environmental costs behind. This paper presents a refined mathematical model for the assessment of relative material costs of the supporting structures for cable-stayed and cable suspension bridges. The proposed model is more accurate than the ones published to date in that it includes the self weight of the cables and the pylons. Comparisons of material requirements for each type of bridge are carried out across a range of span/dip ratios. The basis of comparison is the assumption that each structure is made of the same material (steel) and carries an identical design load, q, exerted by the deck. Calculations are confined to a centre span of a three-span bridge, with the size of the span ranging from 500 m to 3000 m. Results show that the optimum span/dip ratio, which minimises material usage, is 3 for a cable-stayed (harp type) bridge, and 5 for a suspension structure. The inclusion of the self weight of cable in the analysis imposes limits on either the span, or span/dip ratio. This effect is quantified and discussed with reference to the longest cable-supported bridges in the world completed to date and planned in the future.
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calculation for the volume of the material was based on the design principle that the cross section of any load-carrying member should not be stressed beyond an assumed value of working stress. The analysis ignored the self weight of the cables and the pylons. Surprisingly, in the initial model, no distinction was made between the tensile strength of the cables and the pylons, and simply one value was used for both. The modification of the model, following contributions from H.C. Dalton 7 and M. J. French 7 , included not only material usage, but also material cost. The calculated material volumes were factored using a compound material and cost parameter, , expressed as a ratio of tensile to compressive stresses, further multiplied by a ratio of unit costs of cable to pylon. The factor  ranged between 1 and 5. After this modification, the results showed the suspension bridges to be more cost efficient than the cable-stayed ones, for span/dip ratio greater than 4. They also showed an optimum span/dip ratio for a cable-stayed bridge to be between 2 and 3 and, for a suspension structure, between 4 and 7 (depending on the  factor).
In view of the inconsistent and conflicting information produced to date, a more rigorous analysis of material usage (including material cost) is needed in the design of cable supported bridges. This paper addresses this problem by examining the subject more closely and presenting an analysis that is as close to reality as possible. Figure 1 shows the basic geometry of a suspension cable bridge in which L is the centre span of the bridge and h is the height of towers above the deck. The distribution of forces in the main structural elements is shown in Fig.1 (a) . Fig .1 . Basic geometry of a suspension cable bridge 4 
Suspension bridge

General
Fig. 1(a). Diagrammatic representation of forces in the main structural elements of the bridge
The prediction of material usage is based on the centre span. The general assumptions are as follows:
(i) the bridge is subjected to a uniformly distributed design deck load, q, the weight of the cables and the pylons;
(ii) the shape adopted by the suspension cables is assumed to be a parabola. This shape corresponds to the case of a uniformly distributed load from the deck, q, and follows the usual assumption that hanger and cable weights are negligible compared to q; (iii) the hangers form a uniform 'curtain' suspended from the cables and stressed by q. It is shown later that the stress due to the self weight of hangers is negligible. Hence, the amount of material used by them is simply proportional to the area under the parabolic cable; (iv) the cross section of the suspension cable is calculated by dividing the maximum tension force in the cable by an assumed constant value of working (tensile) stress,  t ; the product of the cross section area and the length of the cable gives the volume of the material required; (iv) each pylon is assumed to carry a half of the deck weight, qL/2, the self weight of the cables and their own weight; their cross section area varies with height in such a manner as to ensure constant stress.
Calculation of the volume of material used by hangers
The hangers, modelled as a 'curtain' of individual strands, have thickness, t. If  h is the density of the hanger and T hng (z) is the tensile stress, the equation of vertical equilibrium of the hanger element, tdxdz, ( Fig. 1(a) 3) The thickness of the curtain is sized on the basis of the maximum stress, which occurs at z =h. With the assume maximum working stress,  t , , the thickness of the 'curtain' is , (2.2.4) where g is the gravitational constant.
Denoting the area of the 'curtain' below the suspension cable by A curt , the total volume of the material used by the hangers, V hng, susp is 
where L cbl is the length of the cable measured from centre span (L cbl =L/2). For a parabola,
, and hence
where L h a 4  , and
The cross section area of cable, A cbl , is given by and T 0 is the horizontal component of the cable force, known to be constant.
Since the slope of the curve is 
where  cbl is the density of the cable, and g the gravitational constant.
Thus,
where T 0 non-dim is a non-dimensional term in eqn (2.3.6).
Consequently, the required cross section of cable is (eqns.2.3.3 and 2.3.4),
and the volume of the material used by the cable is
It can be seen from eqn (2.3.6) that in order to get sensible values for T 0 we must have
A further discussion of the above restriction is given in Section 4.
Volume of material used by the pylons
Each pylon carries a half of the total load applied by the deck, the self weight of cables from the centre span, and its own weight. The calculation for the volume of the material required by the pylons can be based on the assumption of constant stress, or a constant cross section along pylon's height.
Pursuing the more rigorous approach based on the assumption of constant stress, leads to a set of calculations given below. 8 If  pyl denotes the density of the pylon material, A pyl the cross section area, and F(z), a compression force at any cross section, then vertical equilibrium gives
Thus, the variation of the compressive force over the height of the pylon is ( Fig. 1(a) 
Assuming a constant working stress,  c , in the pylon, where C is a constant, which can be found from the condition that at z=h ,
where F p is the maximum force applied to the top of the pylon by the weight of the decking and the cables, and is given by Expanding e h -1 to third order, and substituting for F p from (2.4.5) gives 
is a non-dimensional term in (2.4.12). Thus, the total volume of material used by the supporting elements of a suspension bridge is 
Cable stayed bridge
General
The assumptions made with respect of the cable stayed bridge shown in Figure 2 are similar to those made in respect of a suspension bridge. The basic approach to the calculation of material volume is the same, but the detailed calculations are somewhat different due to a difference in structural action of the bridge. 10 
Fig. 2. Basic geometry of a cable-stayed bridge
The main assumptions and description of the model for the assessment of material requirements are as follows:
(i) the bridge is subjected to a uniformly distributed deck load, q, and has to carry the weight of the cables and the pylons;
(ii) the cables are represented by an equivalent 'curtain' of material. The thickness of the curtain is found as the ratio of the maximum tension to an assumed working (tensile) stress  t . The volume of the curtain is proportional to the area under the outermost cable; (iii) the bridge has to carry additional membrane forces transmitted by the cables to the deck. These are shown to vary from +qL 2 /8h to -qL 2 /8h , (Section 3.3 and Figure 2 (b)). With this arrangement, a horizontal force of qL 2 /8h will develop at the end supports, as in the case of the suspension bridge.
(iv) pylons are assumed to carry a varying applied load over the height of the tower and have constant compressive stress.
Volume of material used by the cables
Assuming the cables are represented by a 'curtain' of constant thickness, the volume of the material for a half-span is given by
where t is the thickness of the 'curtain', determined from the equilibrium equations that include cable weight.
It is assumed that the 'curtain' is composed of individual strands, in which the tension field varies along the length of each strand ( Fig. 2 (a).
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Fig. 2(a) Diagrammatic representation of forces in the main cable and the pylon
If T(s) represent the force per unit width of the strand, then the vertical equilibrium of the strand element ds , which has a volume tdsdzcosα, mass density  cbl , and width dzcos, is given by
Integrating (3.2.3) with respect to s gives:
The maximum value of tension, T max , corresponds to s =h/sinα and thus
At the deck level, the cable weight is zero and, therefore, the tension is
8) The thickness of the curtain, t, is found by using 

It can be seen that the denominator in (3.2.9) can become zero, or negative. This indicates that, at certain spans and heights, the stress due to the weight of the cable may become equal to, or greater, than the allowable tensile stress, unless a restriction on the geometry of the bridge is imposed. This point is picked up in section 4, when discussing span restrictions. 
The evaluation of the above integral gives the volume of cable material for 2 curtains, as 
Results obtained from the above equation showed a small reduction in the cable volume, compared to the case of the constant cross-section of cable curtain, given by eqn (3.2.11). For span L=1000 m, for example, the reduction is 4% and 6% for r =3 and r= 5, respectively.
Additional volume of the material in the deck
The deck of the cable stayed bridge develops membrane forces, which can be determined using energy theorems.
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Fig. 2(b). Diagrammatic representation of forces in the uniformly loaded deck developing tension and compression
Assuming that AB (Fig. 2(b For a deck of uniform cross-section A and Young's modulus, E, the energy stored in span is
The energy stored must be a minimum (consistent with the constraints), and so, assuming a rigid attachment at the end, gives 15 (3.3.5) from which (3.3.6) and
At x=L/2, which means that the outer part of the half-span is in compression, and the middle part, in tension. The change from tensile to compressive force over half-span, is shown in Fig. 
(b).
The presence of the membrane forces requires an additional volume of deck material, V d,stay given as Assuming the deck is made of the same material as the pylon, its allowable compressive stress is 
To enable a comparison between the two types of bridges, the deck weight, q, which includes dead and live load, has to be the same in each case. Therefore, the increase in deck weight in this case has to come at the expense of the live load. Thus, for the same design load, q, the cable stay bridge would have to carry a lower live load component of q. 
or, 
The final volume of the material for the supporting elements in a cable-stayed bridge, including self weight of the cables and pylons, and the additional volume of the deck material required to take the membrane forces, is 
Restrictions on spans of suspension and cable-stayed bridges
Suspension bridges
From eqn (2.3.9), we have
Since a and b relate to the geometry of the bridge and L cbl to the span, the above restriction imposes a limit on either the span, L, for a given h, or vice-versa. Let's consider the effect of the span/dip ratio, r, on L. Following the data given in [2] and [8] 
(4.1.1) Figure 3 and Table 1 illustrate the above relationship, giving maximum limits on span imposed by the weight of the cable. (Shaded area in Table 1 corresponds to the range of r used in practice). For the span/dip ratio r =14 , the limit on span calculated by the current method is 4934 m (just under 5000 m) . This finding puts into question the feasibility of building super-long suspension bridges of, say, 5000 m span. As the results indicate, at this span, the relationship (2.3.9) breaks down, as the stress associated with the self weight of cable exceeds the allowable tensile stress,  t .
Selecting a lower value of r, say r =10, would require the height of pylons above the deck to reach 500 m; a value approximately 50% higher than the tallest pylons built in the world to date. This is illustrated by the data shown in Tables 2 and 3 . 
  
Again, this is a unique result, obtained from the refined mathematical model, which includes the contribution of cable weight to the stress field. This contribution must not exceed the allowable stress
Using the same material properties as in the previous calculation (section 4.1), and given that The results illustrating the above relationship are given in Fig. 4 and Table 4 . (Shaded area in Table 4 corresponds to the range of r used in practice). here (sections 4.1 and 4.2), which are relevant to the actual bridge types.
Examples
The mathematical model derived in this paper provides a tool for the analysis of material usage by each type of bridge over a range of span/dip ratios, and for a selection of spans.
In all computational examples, the tensile strength of cable is taken as 1770MPa, and densities of the cable, deck, and the pylons as 80kN/m 3 . The recommended factor of safety 8 that complies with the Eurocode recommendation is 2.55, and this factor is to be 50% greater than that for structural steel.
This gives the allowable tensile strength of cable,  t =700MPa. With the factor of safety for structural steel equal to 1.7 (50% less than that for the cable), the allowable tensile strength of structural steel is assumed to be 460/1.7=270 MPa. The allowable compressive stress in the deck and pylons is assumed to be 60% lower, giving  c = 160 MPa. Thus, the ratio of the allowable tensile stress in the cable to the compressive stress in structural steel is  = 700/160 = 4.375. Figure 5 and Table 5 show the material volumes for a 1000 m span, predicted by eqns. (2.2.68), (2.3.8), and (2.4.12) -(2.4.14). It can be seen that the structure reaches an overall minimum, in terms of material usage, for the span/dip ratio, r, equal to 5. The range of r used in practice lies outside this ratio. For all practical values of r, the cable volume constitutes the largest component of the overall volume of material required by the supporting elements.
Suspension bridge
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Recognising the fact that, in practice, the unit cost of cable is higher than that of pylon, Figure 6 presents the results for cases of C cbl /C pyl =1, 1.5, and 2.0 respectively, where C cbl is the unit cost of cable+hanger, and C pyl that of pylon. The results for a 1000 m span show that the increases of cable+hanger unit costs by 50%, and 100% , relative to those of structural steel (pylons) have not altered the value of the optimum span/dip ratio, r, which remains as 5. They also show that for cases of C cbl /C pyl =1.5 and 2.0, with r =10, there is an increase of 30%-40% in the cost of material used by the supporting elements, compared to the optimum r =5. This increase reaches 50%-60% for the case of r =12. 
Fig. 7. Suspension bridge. Effect of span size on the overall volume of material
The observations presented above relate to the costs of materials of supporting elements only, not the overall costs that would normally include construction. Figure 8 and Table 5 show the material volumes for a 1000 m span, given by eqns. The results show that the structure reaches an overall minimum, in terms of material usage, for the span/dip ratio, r, equal to 3. Again, the range of r used in practice lies just outside this ratio. For values of r between 4 and 5, and the stress pattern considered in Fig. 2(b) , the additional deck weight accounts for a significant overall volume of the supporting elements, and a similar observation can be made with regard to the cable volume. In order to carry out meaningful comparisons with the suspension bridge, the increase in deck weight in the cable-stayed bridge has to come at the expense of the live load component of q. It can be seen that the increases of cable unit costs by 50%, and 100% , relative to those of structural steel have not altered the value of the optimum span/dip ratio, which remains as 3. For the case of C cbl /C pyl equal to 1.5 and 2.0, with r =5, there is an approximately 30%-40% increase in the cost of material used by the supporting elements, compared to the optimum value of r equal to 3.
Cable-stayed bridge
The effect of size of the bridge on the material requirements is examined in Fig. 10 . The results show that the minimum usage of the material corresponds to, again, r = 3. When the span increases from 500 m to 1000 m, there are modest increases in the volume of the material, over the range of r used in practice. These increases become significant for larger spans, e.g., approximately 35% for the span of 2000 m.
Again, the above observations relate to the costs of materials of supporting elements only, not the overall costs that would normally include construction. 
Suspension bridge versus cable-stayed
A comparison of material volumes for the supporting elements in the two types of bridges, both of 1000 m span, is given in Fig. 11 . It can be seen that for the relevant ranges of r used in practice, i.e., 3.5-5 for the cable stayed bridges, and 8-12, for the suspension bridges, the latter require less material. When comparing the results for optimum ratios: r =5 (in the case of the suspension bridge), and r =3 (for the cable-stayed), they
show that a suspension bridge requires approximately 14% less material. A comparison of the material costs is given in Figure 12 . Considering the common range of span/dip ratios used in practice, it can be seen that suspension bridges with r =8-10 are marginally less expensive than the cable stayed ones with r=5, but become 30% , or more, expensive for r =12 and above. Interestingly, when comparing the results for the optimum span/dip ratios, i.e., r =3 for the cable-stayed bridge, and r =5 for the suspension structure, the two appear to have similar material costs for C cbl /C pyl =1.5, but the suspension bridge becomes more expensive when C cbl /C pyl =2.0.
In the above comparisons, it is important to note again that for the same design load q, the dead weight component is greater in the cable-stayed bridge, due to the additional weight of decking. This leaves the live load component reduced by the equivalent amount. In view of this, the suspension bridge is a more material efficient structure.
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Summary and Conclusions
The paper presents a refined mathematical model for the relative assessment of material requirements by the supporting elements in suspension and cable-stayed bridges. It is assumed that each structure is made of the same material (steel) and carries an identical design load, q, exerted by the deck.
Cables are assumed to be of constant cross-section. In the case of the suspension bridge, they follow a parabolic shape, and, in the case of the cable-stayed structure, straight lines (approximation to shallow catenaries). Calculations are confined to a centre span of a three-span bridge, with the size of the span ranging from 500 m to 3000 m. The cross-section of pylons is such as to maintain constant stress.
Results show that the optimum span/dip ratio, which minimises material usage, is 3 for a cable-stayed (harp type) bridge, and 5 for a suspension structure. These values fall into the range quoted by The inclusion of the self weight of cable in the analyses produced quantifiable limits on spans of the two types of structures at which the stresses generated by cable weight alone could exceed the limit on the allowable tensile strength of the cable. In the case of the suspension bridge, this limit is just less than 5000 m. This result raises a question over the feasibility of super-long bridges of 5000 m planned for the future 9 with currently available material densities and strengths of cable.
A comparison of material costs of the supporting elements in the suspension and cable-stayed bridges revealed that, for the range of span/dip ratios used in practice, the two costs are similar when the unit cost of cable is 50% higher than that of the pylons, but the suspension bridge becomes more expensive when this cost is doubled.
It should be noted that, for the same design load q, the dead weight component of q is greater in the cable-stayed bridge, due to the additional weight of decking necessary to take the membrane forces.
This automatically lowers the live load component of q for the cable-stayed bridge. In view of this, it can be concluded that the suspension bridge is a more material efficient structure.
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The overall results highlight the importance of the span/dip ratio in regulating the volume and cost of the material required. In the case of the suspension bridge of 1000 m main span, they show that for cases of C cbl /C pyl =1.5 and 2.0, with r =10, there is an increase of 30%-40% in the cost of material used by the supporting elements, when compared with the results for the optimum r =5.
This increase reaches 50%-60% for the case of r =12. A similar analysis for the 2000 m span gives increases between 40%-60% and 70%-90% , respectively. In the case of a cable-stayed bridge, a comparison of material costs for the optimum r =3, and results obtained for r =5 show similar increases (30%-40%) for the span of 1000 m.
Larger spans lead to a high span/dip ratio, because of practical limits of pylon heights. This, increases material requirements and, consequently, raises sustainability issues and concerns over environmental costs. Fig .1 . Basic geometry of a suspension cable bridge Tables   Table 1. Suspension cable bridges. Limits on span imposed by cable weight Table 2 . A selection of largest (completed) suspension cable bridges around the world Table 3 . A selection of largest (completed) cable-stayed bridges around the world Table 4 . Cable-stayed bridges. Limits on span imposed by cable weight 
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